The Baire property in hit-and-miss hypertopologies  by Cao, Jiling
Topology and its Applications 157 (2010) 1325–1334Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
The Baire property in hit-and-miss hypertopologies✩
Jiling Cao
School of Computing and Mathematical Sciences, Auckland University of Technology, Private Bag 92006, Auckland 1142, New Zealand
a r t i c l e i n f o a b s t r a c t
Article history:
Received 30 September 2008
Received in revised form 25 February 2009
Accepted 3 March 2009
Dedicated to Professor Tsugunori Nogura
on the occasion of his 60th birthday
MSC:
primary 54E52
secondary 54B10, 54B20, 91A05, 91A44
Keywords:
Baire
Choquet-game
Feebly open
Hereditarily Baire
Pinched-cube topology
Tychonoff topology
Wijsman topology
Recently, some techniques have been developed for the study of the Baire property in
hyperspaces. These techniques have been applied to solve a long-standing open problem
of McCoy in 1975 and a recent open problem of Zsilinszky. In this paper, we extend and
apply these techniques further to investigate the Baire property of hyperspaces equipped
with the general hit-and-miss topology.
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1. Introduction
Let X be a topological space. A classical problem in the hyperspace theory is: When is the hyperspace of X Baire? This
problem was ﬁrst considered by McCoy [14], where he developed some technique to show that if a regular space has
a countable π -base then its Vietoris hyperspace of nonempty closed subsets is also Baire. Recently, Cao et al. [5] have
showed that there exists a metric Baire space whose Vietoris hyperspace is not Baire. This settled McCoy’s problem in the
general case. In the literature, McCoy’s method has been modiﬁed to handle the Baire property of various hyperspaces. For
example, Zsilinszky [23] extended McCoy’s technique to investigate Baireness of the abstract hit-and-miss hypertopology;
Bouziad et al. [3] extended McCoy’s technique to characterize hereditary Baireness of the Vietoris hyperspace of nonempty
compact subsets of a Moore space. Moreover, Zsilinszky [25], Cao and Tomita [7] modiﬁed McCoy’s technique to investigate
Baireness of hyperspaces of metric spaces equipped with the Wijsman topology. In addition to McCoy’s technique, Cao
and Tomita [6] developed a different technique to establish relationship between the Baire property of Tychonoff products
and that of the Vietoris hyperspaces. Since the Vietoris topology is the hit-and-miss type, modifying the technique in [6]
in a reasonable way, we may expect to develop a generic approach to handle the Baire property of other hit-and-miss
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1326 J. Cao / Topology and its Applications 157 (2010) 1325–1334hypertopologies as well. The main purpose of the present paper is to explore this possibility. We give a survey, provide
some new results and also list several unsolved questions in this direction.
Recall that X is said to be Baire if the intersection of every sequence of dense open subsets in X is dense. Further,
if every nonempty closed subspace of X is Baire then X is called hereditarily Baire. We shall frequently use the following
characterization of Baire spaces.
Lemma 1.1. ([13,18,21]) A topological space X is a Baire space if and only if the ﬁrst player does not have a winning strategy in the
Choquet game Ch(X) played in X.
Recall that the Choquet game Ch(X) (also called the Banach–Mazur game in the literature) played in X is the following
two-player inﬁnite game. Two players, namely β (the ﬁrst player) and α (the second player), alternatively choose nonempty
open subsets of X with β starting ﬁrst such that
U0 ⊇ V0 ⊇ · · · ⊇ Un ⊇ Vn ⊇ · · · .
In this way, a run ((Un, Vn): n<ω) will be produced, and α is said to win this run provided that
⋂
n<ω Un (=
⋂
n<ω Vn) = ∅.
Otherwise, we say that β has won the run. By a strategy σ for player β , we mean a function deﬁned for all legal
ﬁnite sequences of moves of α. If σ is a strategy for β in Ch(X), then σ(∅) denotes the ﬁrst move of β . A ﬁnite se-
quence (V0, . . . , Vn) of nonempty open sets of X is called a partial play of α subject to σ in Ch(X) if V0 ⊆ σ(∅) and
Vi+1 ⊆ σ(V0, . . . , Vi) ⊆ Vi for all i < n. An inﬁnite sequence (Vn: n < ω) of nonempty open sets of X is called a full play
of α subject to σ if for all n < ω, (V0, . . . , Vn) is a partial play of α subject to σ . Strategies for player α, partial and full
plays for β subject to a strategy of α can be deﬁned similarly. In addition, a winning strategy for a player is a strategy such
that this player wins each full play of its opponent subject to this strategy, no matter how the opponent moves in the game.
Throughout the paper, 2X (resp. K(X)) denotes the family of all nonempty closed (resp. compact) subsets of X . For a
subset E ⊆ X , the complement of E (in X ) is denoted by Ec or X  E , further, let E+ = {A ∈ 2X : A ⊆ E}. For a family V of
subsets of X , denote
V− = {A ∈ 2X : A ∩ V = ∅ for every V ∈ V}.
These are basic building blocks for hit-and-miss topologies on 2X , as used in [1] and [11]. More precisely, if Δ is a nonempty
subset of 2X , the upper Δ-topology τ+Δ on 2X (also called the Δ-miss topology) is the one generated by {(Bc)+: B ∈ Δ}. In
case that (X,U) is a uniform space, let
E++ = {A ∈ 2X : U (A) ⊆ E for some U ∈ U}.
Then the upper proximal Δ-topology τ+pΔ on 2X is the topology generated by {(Ec)++: E ∈ Δ}. If Δ = 2X , τ+Δ is exactly the
upper Vietoris topology, simply denoted by τ+v ; and τ+pΔ is the upper proximal topology, simply denoted by τ+p . The lower
Vietoris topology (also called the ﬁnite hit-topology or the ﬁnite topology) τ−v on 2X is the one generated by
{V−: V is a ﬁnite family of open sets in X}.
The Δ-topology τΔ (resp. proximal Δ-topology τpΔ) on 2X is just the supremum τ
+
Δ ∨ τ−v (resp. τ+pΔ ∨ τ−v ). Note that the
uniformity U induces the so-called Hausdorff–Bourbaki uniformity H(U) on 2X . A base for H(U) is given by {H(U ): U ∈ U},
where for each U ∈ U ,
H(U ) = {(A, B) ∈ 2X × 2X : B ⊆ U (A) and A ⊆ U (B)}.
Let τH(U) be the topology on 2X generated by H(U). It is known that τH(U) can be split up into two parts: the up-
per part τ+H(U) and the lower part τ
−
H(U) . It is known that τ
+
H(U) = τ+p . For a metric space (X,d) and x ∈ X , the
open ball at x with radius r is denoted by Sd(x, r), and Bd(x, r) denotes the closed ball at x with the radius r, i.e.,
Sd(x, r) = {y ∈ X: d(x, y) < r}, and Bd(x, r) = {y ∈ X: d(x, y)  r}. Let PCBd denote the family of proper closed balls in
(X,d). If Δ = PCBd , τ+Δ (resp. τ+pΔ) is called the upper ball topology (resp. upper proximal ball topology), simply denoted
by τ+b(d) (resp. τ
+
pb(d)). Correspondingly, the Δ-topology (resp. proximal Δ-topology) on 2
X is called the ball topology (resp.
proximal ball topology), denoted by τb(d) (resp. τpb(d)). Recall that the upper Wijsman topology on 2X , denoted by τ
+
w(d) , has
{{
A ∈ 2X : d(x, A) > ε}: x ∈ X, ε > 0}
as a subbase. The Wijsman topology τw(d) on 2X is just the supremum τ
+
w(d) ∨ τ−v . Note that the (upper) ball (proximal)
topology, and the (upper) Wijsman topology may be different when changing to equivalent metrics on X , see [12]. All
those hypertopologies will be considered in the subsequent sections. For brevity, we use the same symbols to denote the
relativization of a hypertopology on any nonempty subspace S ⊆ 2X . Besides, Σ(Δ) denotes the collection of all ﬁnite
unions of members in Δ.
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and some recent applications. As the upper and lower topologies are the building blocks of hit-and-miss topologies, then
in Section 3, we consider when these topologies possess the Baire property. In Section 4, we discuss how to use Tychonoff
cubes and the splitting technique developed in [6] to handle the Baire property of the general hit-and-miss topology.
A generic theorem on Baireness of hyperspaces equipped with this topology, including several existing results as special
cases, is established in this section. Finally, in the last section, we provide a summary and also list some open questions.
2. The Pinched-cubes and McCoy’s technique
In this section, we give an overview on McCoy’s classical results and method. The recent modiﬁcations of this method
and its applications are also outlined.
Theorem 2.1. ([14]) If X is a T1-space, and either (2X , τv) or (K(X), τv) is Baire, then X is Baire.
Theorem 2.1 reveals that a necessary condition for the Vietoris hyperspace to be Baire is that X is Baire (we shall see
that this fact does not hold for all hyperspaces). In order to obtain some suﬃcient conditions for the Vietoris hyperspace
to be Baire, McCoy [14] introduced an alternative topology τ ∗ on Xω , which was later called the pinched-cube topology by
Piotrowski et al. in [20], and (Xω, τ ∗) is called the pinched-cube of X . To describe McCoy’s method and pinched-cubes, we
slightly modify the notation in [23]. For a set X and n  1, let Xn denote the collection of all ordered n-tuples of points
from X , and X<ω =⋃n1 Xn . If x ∈ X<ω , dom(x) denotes the natural number n  1 such that x ∈ Xn . For x, y ∈ X<ω , we
use x y to denote the concatenation of x and y, i.e.,
x y = (x(0), . . . , x(dom(x) − 1), y(0), . . . , y(dom(y) − 1)).
Let τ (X) (resp. τ0(X)) denote the topology (resp. the family of all nonempty open subsets) of X . We deﬁne a partial order 
on τ (X)<ω (and τ0(X)) such that U  V if
(i) dom(V ) dom(U );
(ii) U ( j) ⊆ V ( j) for all j < dom(V ).
For each U ∈ τ (X)<ω and B ∈ Σ(Δ), we put
[U ]B =
∏
i<dom(U )
U (i)× (Bc)ωdom(U ).
If X is a Hausdorff space, then the collection
B
(
τ ∗Δ
)= {[U ]B : U ∈ τ0(X)<ω, B ∈ Σ(Δ), B ∩ U (i) = ∅ for i < dom(U ) and U (i)∩ U ( j) = ∅ for i = j
}
is a base for a topology τ ∗Δ on Xω . When Δ = 2X , τ ∗Δ is precisely τ ∗ deﬁned in [14]. If we deﬁne
〈U 〉B =
{
F ∈ 2X : F ∩ B = ∅, F ∩ U (i) = ∅ for i < dom(U )},
then it can be veriﬁed that for a Hausdorff space X , the family
B(τΔ) =
{〈U 〉B : U ∈ τ0(X)<ω, B ∈ Σ(Δ), B ∩ U (i) = ∅ for i < dom(U ) and U (i)∩ U ( j) = ∅ for i = j
}
is a base for τΔ on 2X .
Lemma 2.2. Let X be a Hausdorff topological space.
(a) If [U ]B , [V ]C ∈ B(τ ∗Δ), then [U ]B ⊆ [V ]C if and only if C ⊆ B and U  V .
(b) If 〈U 〉B , 〈V 〉C ∈ B(τΔ), then 〈U 〉B ⊆ 〈V 〉C if and only if C ⊆ B and for all j < dom(V ) there exists i < dom(U ) such that
U (i) ⊆ V ( j).
Lemma 2.3. Let {[Un]Bn : n <ω} be a sequence inB(τ ∗Δ) such that Un+1  Un and Bn ⊆ int(Bn+1) for all n <ω. If
⋂
n<ω[Un]Bn = ∅,
then {〈Un〉Bn : n <ω} is a sequence in B(τΔ) such that
⋂
n<ω〈Un〉Bn = ∅.
Proof. As
⋂
n<ω[Un]Bn = ∅, we can pick a point x ∈
⋂
n<ω[Un]Bn . Let A = {x(k): k <ω}. For any ﬁxed n <ω, it is clear that
A ∩ Un(i) = ∅ for all i < dom(Un). On the other hand, A ∩ Bn+1 = ∅. This implies that A ∩ int(Bn+1) = ∅. It follows that
A ∩ Bn = ∅, and thus A ∈ 〈Un〉Bn . This means that A ∈
⋂
n<ω〈Un〉Bn . 
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disjoint for each i  n, there is D ∈ Σ(Δ) such that B ⊆ int(D) and Wi ∩ (X  D) = ∅ for each i  n. Further, X is called
Δ-quasi-regular if for every U ∈ τ0(X), there is a B ∈ Δ such that ∅ = int(B) ⊆ B ⊆ U . When Δ = 2X , this reduces to quasi-
regularity of X . Theorem 3.1 in [23] claims that if (2X , τΔ) is quasi-regular, then X is quasi-regular and Δ is quasi-Urysohn;
conversely, if Δ is quasi-Urysohn and X is Δ-quasi-regular, then (2X , τΔ) is quasi-regular.
Lemma 2.4. Let X be a topological space.
(a) If X is quasi-regular, then 2X is quasi-Urysohn.
(b) If d is a compatible metric on X, then PCBd is quasi-Urysohn.
Proof. (a) Suppose that for each i  n, Wi is a nonempty open set, which is also disjoint from a nonempty closed subset B .
By quasi-regularity of X , for each i  n, there is a nonempty open set Ui such that U i ⊆ Wi . Put D = X ⋃in Ui . Then,
D ∈ 2X , B ⊆ int(D) and Wi ∩ (X  D) ⊇ Ui = ∅ for all i  n.
(b) For each i  n, let Wi be a nonempty open set which is disjoint from B ∈ Σ(PCBd). Assume that B =⋃ jm Bd(x j, r j).
For each i  n, pick up a point wi ∈ Wi . Since d(wi, x j) > r j for all i  n and all j m, we can choose s j > r j and ti > 0
such that Sd(wi, ti)∩ Bd(x j, s j) = ∅ and Sd(wi, ti) ⊆ Wi . If we put D =⋃ jm Bd(x j, s j), then B ⊆ int(D) and Wi ∩ (X D) ⊇
Sd(wi, ti) = ∅ for all i  n. 
Theorem 2.5. Let X be a Hausdorff space, and Δ ⊆ 2X a quasi-Urysohn family. If (Xω, τ ∗Δ) is Baire, then (2X , τΔ) is also Baire.
Proof. We show that any strategy σ for β in Ch(2X , τΔ) is not a winning strategy. To achieve this, we construct inductively
a strategy Θ for β in Ch(Xω, τ ∗Δ). Without loss of generality, we restrict moves of β and α in B(τΔ) and B(τ ∗Δ).
First, suppose that σ(∅) = 〈U0〉B0 . We deﬁne Θ(∅) = [U0]B0 . Suppose that α responds to Θ(∅) by [V0]C0 ⊆ Θ(∅). Then,
B0 ⊆ C0. We may further assume that dom(U0) dom(V0), and thus V0  U0 and 〈V0〉C0 ⊆ 〈U0〉B0 . Let σ(〈V0〉C0 ) = 〈U1〉B1 .
Then 〈U1〉B1 ⊆ 〈V0〉C0 . By Lemma 2.2(b), C0 ⊆ B1 and ∀ j < dom(V0) ∃i < dom(U1) such that U1(i) ⊆ V0( j). As Δ is
quasi-Urysohn, we can require C0 ⊆ int(B1). Further, taking some permutation if necessary, we can make U1  V0. De-
ﬁne Θ([V0]C0 ) = [U1]B1 . Evidently, Θ([V0]C0 ) ⊆ [V0]C0 ⊆ Θ(∅). Assume that we have constructed Θ for all ﬁnite legal
moves ([Vi]Ci : i < k) of player α with length k (k 1) such that Ci ⊆ int(Ci+1) for all i < k − 1. Let
σ
(〈V0〉C0 , . . . , 〈Vk−1〉Ck−1 , 〈Vk〉Ck
)= 〈Uk+1〉Bk+1 .
As done previously, we may require Ck ⊆ int(Bk+1) and then deﬁne
Θ
([V0]C0 , . . . , [Vk−1]Ck−1 , [Vk]Ck
)= [Uk+1]Bk+1 .
Continuing this process inductively, we complete the construction of Θ .
Since (Xω, τ ∗Δ) is a Baire space, then Θ must not be a winning strategy for β in Ch(Xω, τ ∗Δ). Hence, there exists a full
play ([Vk]Ck : k <ω) of player α subject to Θ in Ch(Xω, τ ∗Δ) such that
⋂
k<ω[Vk]Ck = ∅. According to the construction of Θ ,
(〈Vk〉Ck : k < ω) is a full play for α in Ch(2X , τΔ), and then by Lemma 2.3,
⋂
k<ω〈Vk〉Ck = ∅. This implies that σ is not a
winning strategy for β in Ch(2X , τΔ). By Lemma 1.1, we conclude that (2X , τΔ) is a Baire space. 
Theorem 2.5 is the application of McCoy’s technique to the general hit-and-miss topology. This result should be compared
with Theorem 4.1 in [23], where the condition “(2X , τΔ) is quasi-regular” was used. As mentioned previously, to make
(2X , τΔ) quasi-regular, Δ needs to be quasi-Urysohn and X needs to be Δ-quasi-regular. We see from Theorem 2.5 that
the condition “X is Δ-quasi-regular” is redundant for Baireness of (2X , τΔ). Applying Theorem 2.5 to Δ = 2X and PCBd , we
obtain the main results in [14,7,25], respectively.
3. Upper and lower topologies
In this section, we consider the problem as to when upper and lower hypertopologies possess the Baire property.
Let N be the collection of all nonempty closed nowhere dense subsets of a space X , and S ⊆ 2X . A subfamily Δ ⊆ 2X
is said to separate N from S if for any A ∈ N and any B ∈ S with A ∩ B = ∅, there exists an E ∈ Δ such that A ⊆ E and
B ∩ E = ∅. Evidently, 2X separates N from any S . Recall that a nonempty family P of nonempty open subsets of X is a
π -base for X if for every nonempty open set U ⊆ X , there exists a member P ∈ P such that P ⊆ U . Moreover, a mapping
f : X → Y from a space X to a space Y is called feebly open if for each nonempty open subset U ⊆ X , int( f (U )) = ∅.
Similarly, we call a mapping f : X → Y from a space X to a space Y feebly continuous if int( f −1(V )) = ∅ for each open
subset V ⊆ Y with f −1(V ) = ∅. A feebly continuous and feebly open bijection is called a feeble homeomorphism. A classical
result, due to Neubrunn in [17], claims that a space which is feebly homeomorphic to a Baire space is Baire.
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(a) If (S, τ+Δ ) is Baire and Δ separates N from S , then X is Baire.
(b) If X is Baire and {Dc: D ∈ Δ} is a π -base for X, then (S, τ+Δ ) is a Baire space.
Proof. (a) Let {Gn: n <ω} be a sequence of dense open sets in X . Deﬁne
Gn =
⋃{(
Ec
)+
: E ∈ Δ and Ec ⊆ Gn
}
for all n < ω. It is evident that Gn ∈ τ+Δ . Let B1, . . . , Bm ∈ Δ be such that O :=
⋂m
j=1(Bcj)
+ is nonempty in (S, τ+Δ ). Then,⋂m
j=1 Bcj = ∅. Since Gn is dense in X , there is a point x ∈ Gn ∩
⋂m
j=1 Bcj . By assumption, there is an E ∈ Δ such that x /∈ E
and X  Gn ⊆ E . It follows that {x} ∈ (Ec)+ ⊆ Gn and thus O ∩ Gn = ∅. This means that each Gn is dense in (S, τ+Δ ). As
(S, τ+Δ ) is Baire,
⋂
n<ω Gn = ∅. Thus, if we pick any F ∈
⋂
n<ω Gn , then ∅ = F ⊆
⋂
n<ω Gn . This shows that X is Baire.
(b) Deﬁne a mapping f : X → (S, τ+Δ ) such that f (x) = {x} for all x ∈ X . Under the hypotheses, it can be checked that
f is a feeble homeomorphism from X onto f (X) and f (X) is a dense subspace of (S, τ+Δ ). Since X is Baire, then f (X) is
Baire. Hence, (S, τ+Δ ) is also Baire. 
Corollary 3.2. A T1-space X is Baire if and only if (2X , τ+v ) is Baire if and only if (K(X), τ+v ) is Baire.
Note that (2X , τ+b(d)) may fail to be Baire even for a complete metric space (X,d). For example, consider the real line R
with the usual metric. Let Bn = [−n,n]. It is easy to see that Gn = (Bcn)+ is dense open in (2R, τ+b(d)). However, since⋂
n<ω Gn = ∅, then (2R, τ+b(d)) is not a Baire space. On the other hand, if we endow ω1 with the discrete topology generated
by the metric d(x, y) = 1 for distinct points x, y ∈ ω1, then letting α choose whatever β ’s last choice was, is a winning
strategy for α in Ch(2ω1 , τ+b(d)), and so (2
ω1 , τ+b(d)) is a Baire space.
Theorem 3.3. Let (X,U) be a Hausdorff uniform space, and S,Δ ⊆ 2X satisfy the condition: for each A ∈ S and D ∈ Σ(Δ) with
A ∩ D = ∅, there are B ∈ S and E ∈ Σ(Δ) such that D ∈ E++ and B ∩ E = ∅. Then (S, τ+Δ ) is Baire if and only if (S, τ+pΔ) is Baire.
Proof. We verify that the identity mapping i : (S, τ+Δ ) → (S, τ+pΔ) is a feeble homeomorphism. First, for any D ∈ Σ(Δ) with
(Dc)++ = ∅, pick an A ∈ (Dc)++ . By assumption, there are B ∈ S and E ∈ Σ(Δ) such that D ∈ E++ and B ∩ E = ∅. Then,
B ∈ (Ec)+ ⊆ (Dc)++ . This implies that intτ+Δ (D
c)++ = ∅. Thus i : (S, τ+Δ ) → (S, τ+pΔ) is feebly continuous.
Suppose that D ∈ Σ(Δ) with (Dc)+ = ∅. Then, (Dc)++ ⊆ (Dc)+ . Let A ∈ (Dc)+ . By assumption, there are B ∈ S and
E ∈ Σ(Δ) such that D ∈ E++ and B∩ E = ∅. It follows that B ∈ (Dc)++ and intτ+pΔ((D
c)+) = ∅. This implies that i : (S, τ+Δ ) →
(S, τ+pΔ) is feebly open. Hence, i is a feeble homeomorphism, and (S, τ+Δ ) is Baire if and only if (S, τ+pΔ) is Baire. 
Note that when S = 2X , one can state a simpler condition as done in the following result.
Theorem 3.4. Let (X,U) be a Hausdorff uniform space, and Δ ⊆ 2X . If for all D ∈ Σ(Δ)  {X} there exists an E ∈ Σ(Δ)  {X} such
that D ∈ E++ , then (2X , τ+Δ ) is Baire if and only if (2X , τ+pΔ) is Baire.
Corollary 3.5. For a Hausdorff uniform space (X,U), (2X , τ+v ) is Baire if and only if (2X , τ+p ) is Baire. For a metric space (X,d),
(2X , τ+bp(d)) is Baire if and only if (2
X , τ+b(d)) is Baire.
Note that the topologies τ+Δ and τ
+
pΔ are far from being equal, they are not even comparable. Indeed, although τ
+
p ⊆ τ+v
always holds on 2X [9], neither τ+pb(d) ⊆ τ+b(d) nor τ+b(d) ⊆ τ+pb(d) is true in general (see [12] for characterizations of these
inclusions). For a given topological space X , let Xω be the countable inﬁnite power of X equipped with the Tychonoff
topology. For each U ∈ τ (X)<ω , we put
[U ] =
∏
i<dom(U )
U (i)× Xωdom(U ).
Then, B(Xω) = {[U ]: U ∈ τ0(X)<ω} is a base for Xω . In the sequel, we shall use this notation to study Baireness of the
lower Vietoris topology. First, note that Baireness of (2X , τ−v ) comes for free. In fact, if X ∈ S then X ∈ O for any nonempty
open set O ∈ τ−v . Thus, (S, τ−v ) is a Baire space if X ∈ S . But this is not the case for (K(X), τ−v ) when X is not compact.
Our next result is established by an argument similar to Theorem 3.10 of [14], which asserts that if X is quasi-regular
and (K(X), τv) is Baire, then so is (Xω, τ ∗).
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powers of X are Baire.
Proof. It suﬃces to show that Xω is Baire, see [10]. Suppose that σ is a strategy for β in Ch(Xω). We inductively construct
a strategy Θ for β in Ch(S, τ−v ). Assume σ(∅) = [U0] ∈ B(Xω). Deﬁne
Θ(∅) =
⋂
i<dom(U0)
U0(i)
−.
Since S contains all ﬁnite subsets of X , then Θ(∅) = ∅.
Assume that for some k  1, Θ(V0, . . . ,Vk−1) has been deﬁned for all legal partial plays of α in Ch(S, τ−v ) where for
each j < k, V j =⋂i<dom(V j) V j(i)− for some V j ∈ τ0(X)ω so that if σ([V0], . . . , [V j]) = [U j+1], then V j  U j , dom(V j) <
dom(U j+1) and U j+1(i) ⊆ V j(i) for all i < dom(V j). If Vk ⊆ Θ(V0, . . . ,Vk−1) is β ’s next step where Vk =⋂i<dom(Vk) Vk(i)−
for some Vk  Uk , and σ([V0], . . . , [Vk]) = [Uk+1], deﬁne
Θ(V0, . . . ,Vk) =
⋂
i<dom(Uk+1)
Uk+1(i)−
(by quasi-regularity of X , we can assume Uk+1(i) ⊆ Vk(i) for all i < dom(Vk) < dom(Uk+1)). This completes the construction
of Θ .
Since (S, τ−v ) is a Baire space, there is a full play (Vk: k <ω) for α in Ch(S, τ−v ) such that ∅ = K ∈
⋂
k<ω Vk . Since K is
compact, we can ﬁnd
x(i) ∈
⋂
k<ω
K ∩ Vk(i)
for each i < dom(V0), and for all j < ω, there is x(i) ∈ ⋂k> j K ∩ Vk(i) whenever dom(V j)  i < dom(V j+1). Then
([Vk]: k <ω) is a full play for α in Ch(Xω), and x ∈⋂k<ω[Vk]. This means that σ is not a winning strategy for β in Ch(Xω).
Thus, Xω is a Baire space. 
The proof of Example 3 in [4] (originally in [14, p. 141]) shows that (K(X), τv) is not Baire if X is a Bernstein set, but
it does not work for (K(X), τ−v ). It is easy to see however, that (K(R), τ−v ) is not Baire: if at any stage in Ch(K(R), τ−v ),⋂
i<n V
−
i is α’s choice, let β choose
⋂
i<n+1 U
−
i so that the Ui ’s are bounded open intervals, Ui ⊆ Vi for all i < n and
sup(
⋃
i<n Ui) + 1 < inf(Un). Now, if β plays according to this strategy, and if a play has a nonempty intersection, say
K ∈ K(R), then K contains an inﬁnite closed discrete subset, which is impossible. This shows that Theorem 3.6 is not
reversible.
4. Tychonoff cubes and the splitting technique
In this section, we discuss how to use Tychonoff cubes and the splitting technique developed in [6] to study the Baire
property of the hit-and-miss topology.
Theorem 4.1. Let X be a Hausdorff space, and Δ ⊆ 2X a quasi-Urysohn family. If Xω is Baire, then (2X , τΔ) is Baire.
Proof. We show that any strategy σ for β in Ch(2X , τΔ) is not a winning strategy for β . As we have done in Theorem 2.5,
we apply σ to construct inductively a strategy Θ for β in Ch(Xω). We may restrict moves of β and α in Ch(Xω) and
Ch(2X , τΔ) with elements in B(Xω) and B(2X , τΔ) respectively. Suppose that σ(∅) = 〈U00〉B0 . We deﬁne Θ(∅) = [U00]. If
α responds to Θ(∅) by [Π0] ⊆ Θ(∅), we split Π0 into Σ00 and Γ 00 such that Π0 = Σ00 Γ 00 , dom(Σ00 ) = dom(U00) and
Σ00 ⊆ U00 . This implies 〈Σ00 〉B0 ⊆ σ(∅). Let σ(〈Σ00 〉B0 ) = 〈U1〉B1 . Since 〈U1〉B1 ⊆ 〈Σ00 〉B0 and Δ is quasi-Urysohn, we can
further require B0 ⊆ int(B1). Next, we split U1 into U01 and U11 such that U1 = U01 U11 , dom(U01) = dom(Σ00 ) and U01 ⊆ Σ00 .
Then, we deﬁne Θ([Π0]) = [U01 Γ 00 U11].
Assume that we have constructed Θ for all ﬁnite legal moves ([Πi]: i < k) of player α with length k (k 1) satisfying
(i) Πi = Σ0i Γ 0i  · · ·Σ ii Γ ii for all i < k,
(ii) dom(Σ ji ) = dom(Σ ji−1), dom(Γ ji ) = dom(Γ ji−1), Σ ji ⊆ Σ ji−1 and Γ ji ⊆ Γ ji−1 for all j < i and i < k,
(iii) [Πi+1] ⊆ Θ([Π0], . . . , [Πi]) ⊆ [Πi] for all i < k − 1,
with an associated ﬁnite sequence (B0, . . . , Bk) ∈ [Σ(Δ)]<ω such that
(iv) Bi ⊆ int(Bi+1) for all i < k,
(v) σ(〈Σ0〉B0 , . . . , 〈Σ0  · · ·Σ i〉Bi ) = 〈Ui+1〉Bi+1 for all i < k,0 i i
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(vii) Θ([Π0], . . . , [Πi]) = [U0i+1 Γ 0i  · · ·U ii+1 Γ ii U i+1i+1] for i < k.
Now, for any given ﬁnite legal moves ([Πi]: i < k + 1) of length k + 1 of α such that ([Πi]: i < k) satisﬁes all (i)–
(vii) and Πk ⊆ Θ(Π0, . . . ,Πk−1), we split Πk into 2(k + 1) many parts Σ0k , . . . ,Σkk and Γ 0k , . . . ,Γ kk such that Πk =
Σ0k
Γ 0k
 · · ·Σkk Γ kk , dom(Σ jk ) = dom(U jk) and Σ jk ⊆ U jk for all j  k, dom(Γ jk ) = dom(Γ jk−1) and Γ jk ⊆ Γ jk−1 for all
j < k. Following from (v), we have
〈
Σ0k
 · · ·Σkk
〉
Bk
⊆ σ (〈Σ00
〉
B0
, . . . ,
〈
Σ0k−1
 · · ·Σk−1k−1
〉
Bk−1
)
.
Thus, (〈Σ00 〉B0 , . . . , 〈Σ0k  · · ·Σkk 〉Bk ) is a partial play for α in Ch(2X ). Let
σ
(〈
Σ00
〉
B0
, . . . ,
〈
Σ0k
 · · ·Σkk
〉
Bk
)= 〈Uk+1〉Bk+1 .
Then, we split Uk+1 into k + 2 parts U0k+1, . . . ,Uk+1k+1 such that Uk+1 = U0k+1  · · ·Uk+1k+1 , dom(U jk+1) = dom(Σ jk ) and
U jk+1 ⊆ Σ jk for all j  k, and deﬁne
Θ
([Π0], . . . , [Πk]
)= [U0k+1 Γ 0k  · · ·Ukk+1 Γ kk Uk+1k+1
]
.
Continuing this process inductively, we can complete the construction of Θ .
Since Xω is a Baire space, then Θ must not be a winning strategy for player β in Ch(Xω). Hence, there exists a full
play ([Πk]: k < ω) of player α subject to Θ in Ch(Xω) such that ⋂k<ω[Πk] = ∅, where for each k  1, ([Π0], . . . , [Πk])
is a partial play satisfying (i)–(vii). Then, from the construction of Θ , there is a sequence {Bk: k < ω} in Σ(Δ) such that
Bk ⊆ int(Bk+1) for all k < ω, and also (〈Σ0k  · · ·Σkk 〉Bk : k < ω) is a full play for α subject to σ in Ch(2X , τΔ). Since⋂
k<ω[Πk] = ∅, for each k < ω, we can pick a point ak ∈
⋂
jk
∏
i<dom(Σkj )
Σkj (i), and put a = a0 a1 a2  · · ·. Then for a
given k < ω and each i < ω, ai( j) /∈ Bk for all j ∈ dom(ai), which implies that a ∈⋂k<ω[Σ0k  · · ·Σkk ]Bk . By Lemma 2.3,⋂
k<ω〈Σ0k  · · ·Σkk 〉Bk = ∅. Hence, σ is not a winning strategy for β in Ch(2X , τΔ), and therefore (2X , τΔ) is Baire. 
Note that the proof of Theorem 4.1 involves a “splitting” technique initially employed in [6]. More precisely, when we
transfer movements of players between the hyperspace (2X , τΔ) and the Tychonoff cube Xω , we need to split tuples in
τ (X)<ω so that the resulting movements of players form partial plays. Indeed, by applying the same technique and a slight
modiﬁcation of the argument of Theorem 4.1, one can prove the following result.
Theorem 4.2. Let X be a Hausdorff space, and Δ ⊆ 2X a quasi-Urysohn family. If Xω is Baire, then (Xω, τ ∗Δ) is Baire.
Applying Theorem 2.1, Corollary 3.2, Theorems 3.6 and 4.1 we have the following diagram of implications on Baireness
of hyperspaces.
(K(X), τ−v )
(1)
Xω
(3)
(2X , τ+v )
X
(K(X), τv) (2) (2X , τv)
(4)
(K(X), τ+v )
Note that none of the implications (1), (2), (3) and (4) is reversible. We have seen in Section 3 that neither (1) nor (2) is
reversible. In fact, (2X , τv) is Baire, if X is any Bernstein set. An example was constructed in [6] to demonstrate that (3) is
not reversible. Finally, by Corollary 1.3 of [5], (4) is not reversible either.
Now, the question remains is that for which classes of spaces X , must Xω be Baire? Here are some answers from the
literature:
(i) The class of Baire spaces having a countable π -base [19];
(ii) The class of separable metric Baire spaces;
(iii) The class of metric hereditarily Baire spaces [8];
(iv) The class of weakly α-favorable spaces [22];
(v) The class of almost locally separable metric Baire spaces [24];
(vi) The class of Cˇech-complete spaces;
(vii) The class of Baire spaces having a countable-in-itself π -base [24];
(viii) The class of almost locally uK -U Baire spaces [24].
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X is quasi-regular, by Lemma 2.4(a), 2X is a quasi-Urysohn family, and Theorem 4.1 becomes Theorem 2.1 of [6]. Moreover,
Theorem 2.1 in [25] can be derived from Theorem 4.2. When (X,d) is a metric space, by Lemma 2.4(b), PCBd is a quasi-
Urysohn family, and Theorem 4.2 is Theorem 2.3 in [7]. In fact, Corollary 2.4 of [7] can be derived from Theorem 4.1.
5. Summary and open questions
In this section, we apply the main results in the previous sections to discuss particular hypertopologies. For each of the
major hypertopologies, we brieﬂy summarize the known results and some unsolved questions on the Baire property.
The Vietoris topology. This is the case when Δ = 2X . The problem as to when the Vietoris hyperspace (2X , τv) of a
Hausdorff space X is Baire was satisfactorily settled in [5] and [6]. It was shown in [5] that for a Hausdorff space X , if
(2X , τv) is Baire then Xn is Baire for all n <ω, but the converse is not true, refer to [6] for a counterexample. In addition,
it was pointed out in [5] that there is a metric Baire space (X,d) such that (2X , τv) is not Baire.
The Fell topology. This is the case when Δ = K(X). Some results were obtained in [23]. For example, spaces X for which
K(X) are quasi-Urysohn are called almost locally compact, and (2X , τF ) is Baire if X is almost locally compact and closed
compact subsets of X have open neighborhoods with compact closures. These types of results are interesting only for non-
regular or non-locally compact spaces, since otherwise (2X , τF ) is locally compact.
The Δ-proximal topology. Note that for a metric space (X,d), the proximal topology τp on 2X determined by the unifor-
mity U(d) induced by d is also named the d-proximal topology and denoted by τδ(d) in the literature. To deal with the Baire
property of hyperspaces equipped with the general Δ-proximal topology, the notion of uniformly quasi-Urysohn families
was introduced in [23]. Recall that a nonempty family Δ ⊆ 2X in a Hausdorff uniform space (X,U) is uniformly quasi-
Urysohn provided that whenever B ∈ Σ(Δ) and Wi ∈ τ0(X) are disjoint for each i  n, there exists some D ∈ Σ(Δ) such
that B ∈ D++ and Wi ∩ (X  D) = ∅ for each i  n. A slight adjustment of Theorem 3.3 yields the following result.
Theorem 5.1. Let (X,U) be a Hausdorff uniform space, and Δ ⊆ 2X a uniformly quasi-Urysohn family. Then (2X , τΔ) is Baire if and
only if (2X , τpΔ) is Baire.
Now, similarly to Lemma 2.4, it is not hard to see that Δ = 2X (resp. Δ = PCBd) is a uniformly quasi-Urysohn family, so
one immediately has that (2X , τv ) is Baire iff (2X , τp) is Baire, and that (2X , τb(d)) is Baire iff (2X , τpb(d)) is (this follows
from combined results of [23,25] as well).
Question 5.2. Let (X,U) be a Hausdorff uniform space, and Δ ⊆ 2X not be a uniformly quasi-Urysohn family. Must it be
true that (2X , τΔ) is Baire if and only if (2X , τpΔ) is Baire?
The following two results directly follow from Theorems 2.5 and 4.1.
Theorem 5.3. Let (X,U) be a Hausdorff uniform space, and Δ a uniformly quasi-Urysohn family. If (Xω, τ ∗Δ) is Baire, then (2X , τpΔ)
is Baire.
Theorem 5.4. Let (X,U) be a Hausdorff uniform space, and let Δ ⊆ 2X be a uniformly quasi-Urysohn family. If Xω is Baire, then
(2X , τpΔ) is Baire.
The Wijsman topology. It was shown in [23] that for a metric space (X,d), (2X , τw(d)) is Baire if and only if (2X , τbp(d)) is
Baire; and (2X , τw(d)) is Baire if (X,d) is a separable Baire or complete metric space. Recently, Zsilinszky [25] has further
shown that (2X , τw(d)) is Baire if and only if (2X , τb(d)) is Baire. Thus, the problem of determining the Baire property
of the Wijsman topology is the same as the corresponding problem for the ball proximal or ball topology. A version of
Theorem 2.5 for Δ = PCBd was also established in [25], and a separable ﬁrst category metric space (X,d) with a Baire
Wijsman hyperspace was constructed. This example illustrates that Baireness of the base space is not a necessary condition
for its Wijsman hyperspace to be Baire. However, the following question is still open.
Question 5.5. Let (X,d) be a metric Baire space. Must (2X , τw(d)) be Baire?
There are several partial answers to this question. As we have mentioned, the answer is aﬃrmative when (X,d) is
separable and Baire. Recently, it have been shown in [7] that the answer is also aﬃrmative when (X,d) is hereditarily Baire.
The locally ﬁnite topology. Given a topological space X , let L denote the collection of all locally ﬁnite families of open
subsets of X . Suppose that L ⊆ L is a subfamily satisfying the condition:
(∗) For A,B ∈ L, there is a C ∈ L such that C− ⊆ A− ∩ B− .
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L
on 2X . This topology is called the L-lower locally ﬁnite topology; and the
L-locally ﬁnite topology τL is just τ+v ∨ τ−L . Moreover, τ−L and τL are simply called the lower locally ﬁnite topology and locally
ﬁnite topology. It is clear that τ−v ⊆ τ−L and τv ⊆ τL .
Question 5.6. Let X be a Hausdorff space, and let L ⊆ L be a subfamily satisfying the condition (∗). When is (2X , τL) Baire?
In particular, when is (2X , τL) Baire?
As we have seen in previous sections, the way of settling the Baire property for the Vietoris hyperspace is to link the
Vietoris topology with either the Tychonoff or pinched-cube topology on powers. At the moment, it is unclear to the author
whether the same approach works for hyperspaces equipped with the locally ﬁnite topology.
The Hausdorff–Bourbaki uniform topology. Let (X,U) be a uniform space. We mentioned in Section 1 that τ+H(U) = τ+p .
A typical neighborhood of A ∈ 2X in the lower Hausdorff–Bourbaki uniform topology τ−H(U) is {B ∈ 2X : A ⊆ U (B)}. This
topology can be identiﬁed with some L-lower locally ﬁnite topology. To see this, for each A ∈ 2X and each U ∈ U , choose a
maximal discrete subset Q A ⊆ A such that
(i) (x, y) /∈ U for any two distinct points x, y ∈ Q A ;
(ii) A ⊆ U (Q A).
Now, if we deﬁne
L = {{U (x): x ∈ Q A
}
: A ∈ 2X , U ∈ U is open symmetric},
then by a result of Naimpally in [15], we have τ−
L
= τ−H(U) . By Corollaries 3.2 and 3.5, a Hausdorff uniform space (X,U) is
Baire if and only if (2X , τ+H(U)) is Baire. Furthermore, by an argument as mentioned in Section 3, we know that (2
X , τ−H(U))
is always Baire. Hence, it is interesting to know the answer to the following question.
Question 5.7. For a Hausdorff uniform space (X,U), when is (2X , τH(U)) a Baire space?
For a metric space (X,d), it is known that the Hausdorff–Bourbaki uniform topology coincides with the (extended)
Hausdorff metric topology τH(d) on 2X .
Question 5.8. Let (X,d) be a metric space. When is (2X , τH(d)) a Baire space? In particular, if (X,d) is a separable metric
Baire space, must (2X , τH(d)) be a Baire space?
Of course, Questions 5.7 and 5.8 are closely related to Question 5.6, since the locally ﬁnite topology and the Hausdorff–
Bourbaki uniform topology are nicely associated with each other. In addition to the afore-mentioned fact, we would like to
mention their connection in another direction. It was shown in [2] that for a metrizable space X , τL on 2X is the supremum
of all the Hausdorff metric topologies corresponding to equivalent metrics on X . Further, it was shown in [16] that for a
normal space X , τL on 2X coincides with the Hausdorff–Bourbaki uniform topology induced by the ﬁne uniformity on X .
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